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Abstract. Weak coalgebra-Galois extensions are studied. A notion of an invertible 
weak entwining structure is introduced. It is proven that, within an invertible weak 
entwining structure, the surjectivity of the canonical map implies bijectivity pro- 
vided the structure coalgebra C is either coseparable or projective as a C-comodule. 



1. Introduction 

Galois-type extensions of non-commutative algebras play the role of (schemes of) 
non- commutative principal bundles. The study of generalised Galois extensions was 
initiated by Kreimer and Takeuchi in [23] in terms of Hopf- Galois extensions and 
beautifully developed and generalised, in particular by Doi, Takeuchi and Schneider 
(cf. [28]). In recent years, in view of the role they play in non-commutative geometry, 
Hopf-Galois extensions went through a series of further generalisations, thus leading 
to the notion of a coalgebra-Galois extension (cf. [11], [10]), and, most recently, a 
weak coalgebra-Galois extension (cf. [7], [13]), a weak Hopf-Galois extension (see [14] 
for the definition and [22] for an action-free characterisation) and a Hopf algebroid 
Galois extension (cf. [21], [3]). It has been realised in [7] that the general algebraic 
structure underlying all these Galois-type extensions is that of a coring, termed a 
Galois coring (cf. [32]). This, in turn, is a special case of a Galois coring without a 
grouplike element or a Galois comodule introduced in [17] and recently studied in [8], 
[15], [33]. 

To have a Galois property means that a certain map, usually called a canonical 
map, must be an isomorphism (or, at least, a bijection). One of the most useful re- 
sults in the standard Hopf-Galois theory is the theorem of Schneider that states that 
it is often enough to prove that the canonical map is an epimorphism to conclude that 
it is an isomorphism. This result proves particularly useful in constructing explicit 
examples of Hopf-Galois extensions, of which there has been a plethora recently, in 
particular within a realm of the non-commutative geometry. Schneider's theorem is 
also very natural from the geometric point of view. Hopf-Galois extensions corre- 
spond to principal bundles. These are given in terms of free actions of Lie groups on 
manifolds. Freeness means surjectivity of the canonical map. In differential geometry 
the bijectivity then follows by dimension-type arguments that cannot be transferred 
directly in the algebra context. In [8, Theorem 4.4] it has been shown that the Schnei- 
der theorem has in fact a coring origin. In the (most general, so far) case of Galois 
comodules it is enough to check that the canonical map is a split epimorphism (in 
a suitable category) to conclude that it is an isomorphism. This then has been ap- 
plied to bijective entwining structures with a coseparable coalgebra to deduce that 
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the surjectivity of the canonical map suffices to prove that there is a coalgebra-Galois 
extension (see also [27] for a different, coring-free, approach). 

The aim of the present paper is to apply [8, Theorem 4.4] to weak-entwining struc- 
tures of Caenepeel and De Greet [13] and thus to prove a Schneider-type structure 
theorem for weak coalgebra-Galois extensions (hence, also, weak Hopf-Galois exten- 
sions as a special case). The present paper is organised as follows. In Section 2 we 
set up the notation and conventions, give preliminary results on corings and we also 
give a formulation of [8, Theorem 4.4] over a general commutative ring. This is a mild 
generahsation of [8, Theorem 4.4] which was originally stated for vector spaces rather 
than modules, but it can be useful for studying most general Galois-type extensions. 
As the studies of weak entwining structures and weak Hopf algebras require one to 
have a number of equalities etc., readily available, we devote Section 3 to collecting 
such useful formulae that are needed for calculations in later sections. We also show 
that one can associate a weak coalgebra-Galois extension to any comodule subalgebra 
of a weak Hopf algebra. In Section 4 we determine the proper notion of an invcrtible 
weak entwining structure (the naive bijectivity of an entwining map forces a weak 
entwining structure to be an entwining structure). Section 5 contains the first main 
theorem: in the case of an invertible weak entwining structure with a coseparable 
coalgebra, suffices it to prove that the canonical map is an epimorphism to prove that 
there is a weak coalgebra-Galois extension. An example includes a weak Hopf-Galois 
extension by a weak Hopf algebra with bijective antipode. Finally in Section 6 we 
prove the second main result: within an invertible weak entwining structure, if a coal- 
gebra is projective as a comodule, then surjectivity of the canonical map implies the 
bijectivity. As a special case one obtains the following weak Hopf algebra generalisa- 
tion of the Kreimer-Takeuchi theorem [23, Theorem 1.7]: for a finite dimensional weak 
Hopf algebra over a field, the surjectivity of the canonical map implies its bijectivity. 

2. Corings and Galois comodules 

2.1. Preliminaries on corings and Galois comodules. We work over a commu- 
tative ring k with a unit. All algebras are over k, associative and with a unit. The 
product in an algebra is denoted by and the unit, both as an element and as a map, 
is denoted by 1. Unadorned tensor product between A;- modules is over k. All coalge- 
bras are over k, coassociative and with a counit. In a coalgebra C, the coproduct is 
denoted by Ac and the counit by £c- For a ring (fc-algebra) A, the category of right 
A-modules and right A-linear maps is denoted by AiA- Symmetric notation is used 
for left modules. The dual module of a right A-module M is denoted by M*, while 
the dual of a left 74-module N is denoted by *A'". The product in the endomorphism 
ring of a right module (comodule) is given by composition of maps. 

Let A be an algebra. A coproduct in an A-coring € is denoted by Aq- : (t €.0^^, 
and the counit is denoted by : C — > A. To indicate the action of we use the 
Sweedler sigma notation, i.e., for all c e £, 

= X] C(i)®C(2), (Ac'^A't) o Ae:(c) = (C^aAc) o A^{c) = ^ C(i)(8)C(2)(8)C(3), 

etc. Capital Gothic letters always denote corings. The category of right C-comodules 
and right CC-colinear maps is denoted by Ai'^. Recall that any right ^-comodule is 
also a right A-module, and any right C-comodule map is right A-linear. For a right 
C-comodule M, : M ^ M<^aC denotes a coaction, and Hom~^(M, N) is the 
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fc-module of ^-colinear maps M ^ N . On elements q is denoted by the Sweedler 
notation Q^\m) = '^m[Q]^m[i]. Symmetric notation is used for left C-comodules. In 
particular, the coaction of a left C-comodule N is denoted by ^ g, and, on elements, 
by ^g{n) = ^n[_i]®n[o] G €<SiaN. The same rules of notation apply to comodules 
over a coalgebra. A detailed account of the theory of corings and comodules can be 
found in [12]. 

Given right ^-comodules M and iV, the /c-modulc Hom^'^(M, A^) is a right module 
of the endomorphism ring B = End~^(M) with the standard action fb = fob, for 
all / e Rom-'^lM,N), b E B. This defines a functor Hom-'^(M, -) : ^ Mb, 
which has the left adjoint -O^M : Mb ^ M*^ (cf. [12, 18.21]). The counit of the 
adjunction is given by the evaluation map 

ifiN ■ Hom~^(M, N)0bM N, f®m ^ f(m), 

Similar adjoint functors exist for left C-comodules. In this case the counit is denoted 
by ^N- 

View C as a right C-comodule with the regular coaction A^. M is called a Galois 
(right) comodule if M is a finitely generated and projective right A-module, and the 
evaluation map ^pif : Hom~^(M, €)'^bM — > C is an isomorphism of right C-comodules. 

Equivalcntly, Galois comodules are defined as follows. If M is a finitely gener- 
ated projective right A-module, then M*®bM is an A-coring with the coproduct 
^M*®BM{i®rn) = Xli C®e*(g)f Om, where {e* G M,^* e M*} is a dual basis of Ma, 
and with the counit SM*®BM{i®'m) = C(^) (cf- [17]). In view of the isomorphism 
Hom~^(M, €) ~ M* — Hom_A(M, ^4), cp^ becomes the canomca/ 74-coring map 

chhm : M*^bM ^ h-» {(m[o])m[i]. 

M (with Ma finitely generated projective) is a Galois comodule if and only if the 
canonical map can^ is an isomorphism of corings. 

A Galois comodule M with the endomorphism ring B is called a principal comodule 
if it is projective as a left S-module. 

If M is a right C-comodule that is finitely generated and projective as a right A- 
module, then M* is a left (t-comodule with the coaction ^^''g{^) = Yli^i^\o])^^[i]^C 
where {e* e M, e M*} is a dual basis of M. The endomorphism ring of M* (as 
a left C-comodule) is isomorphic to the endomorphism ring of M. One can develop 
the theory of left Galois and principal comodules along the same lines as for the right 
comodule case. In particular if M is a right Galois comodule, then M* is a left Galois 
comodule. 

The case in which ^4 is a Galois C-comodule is of fundamental importance. In this 
case the coaction g"^ : A ^ A^a^ ~ € is fully determined by a group-like element 
g = g^{l) G i.e., g'^{a) — ga. The endomorphism ring B = End~'^(y4) coincides 
with the subalgebra of (7-coinvariants in A, i.e., B = A'^°'^ := {b E A \ bg = gb}. 
Obviously, A is a. finitely generated projective right A- module. A* ~ A, and A^bA 
is the Sweedler A-coring, with coproduct a<^a' 1— > a<S>l<^l<S>a' and counit a<S>a' 1— > aa'. 
The canonical map comes out as 

(2.1) can A : A<SiB A ^ a®a' ^ aga' . 

Thus A is a Galois comodule if and only if is a Galois coring with respect to g, a 
notion introduced in [7]. 
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2.2. Split canonical epimorphisms are isomorphisms. The aim of the present 
paper is to apply [8, Theorem 4.4] to the case of weak entwining structures and thus 
to infer that, similarly to the case of invertible entwining structures dealt with in 
[8, Theorem 4.6], in many cases it is sufficient to prove that the canonical map is 
surjective to conclude that it is an isomorphism. Theorem 4.4 in [8] is formulated for 
algebras over a field as this is the most interesting case from the non-commutative 
geometry point of view, which was the main motivation for introducing the notion of 
a principal comodule. However, the methods of proof of Theorem 4.4 can easily be 
extended to general algebras over a commutative ring. For the completeness we give 
a version of [8, Theorem 4.4] for algebras over a commutative ring. 

Theorem 2.1. Let C be an A-coring and M a right <t-comodule that is finitely gen- 
erated and projective as a right A-module. Let B — End~'^(M). Suppose that: 

(a) (t is a flat left A-module; 

(b) the map 

B®M Hom'^"(M*, M*®M), h®m ^[^^^o h®m] 

is an isomorphism of left B -modules; 

(c) the map 

coum '■ M*<S)M ^ C, ^(8)m i— > ^(m[o])m[i], 

is a split epimorphism of left €-comodules. 

Then M is a Galois comodule and M is a k-relatively projective left B -module (mean- 
ing that any B-module epimorphism N ^ M that splits as a k-module map splits as 
a B-module map). 

Proof. Note that the assumption (b) incorporates the part of [8, Lemma 4.5] that is 
used for the proof of [8, Theorem 4.4]. Once this is realised, the same method of proof 
as in [8, Theorem 4.4] can be used. We repeat the main arguments for completeness. 

By assumption (c), the coring € is a direct summand of M*®M as a left C-comodule, 
hence, in view of assumption (b), Hom^"(M*, (£) ~ *(M*) ~ M is a direct summand 
of a left 5-module B®M. Since B®M is a /c-relatively projective left i?-module, so 
is M. 

The counit of the adjunction (pM*^M ■ M*®sHom'^~(M*, M*®M) M*®M fac- 
toriscs through the isomorphism in assumption (b) tensored with M* . and through 
the obvious isomorphism M*®bB®M M*®M. Hence (pM*(^M is an isomorphism. 
Next we can consider the following diagram, which is commutative in all possible 
directions since ^ is a natural transformation, 

M*(8)BHom'^-(M*, M*®M) ^^^^ > M*(g)M 



M* (giB Hom^ - (M* ,canM ) 



M*®BHom'^-(M*, €) — 



canjvf 



The upward pointing arrows are sections of M*®b^ovii {M* ^cqxim) and can^ re- 
spectively. Since (pM*®M is an isomorphism, the map (p(f is bijective (it is a A;-linear 
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isomorphism). The identifications Hom'^-(M*, M and M* ~ Hom-'^(M, lead 
to a A;-hnear isomorphism M*®B^om^^ {M* , C) ~ Hom^'^(M, €)^bM. In view of this 
isomorphism, the fact that (p^ is bijective implies that ip,f is bijective. By assump- 
tion, C is a flat left A-module, so is an Abelian category. Since ip^ is a bijective 
morphism in A^^, it is an isomorphism. Thus M is a Galois right C-comodule. □ 

The assumption (b) in Theorem 2.1 is satisfied if M is a flat /c- module. Thus 
Theorem 2.1 implies the following 

Corollary 2.2. Let € be an A-coring and M a right €-comodule that is finitely gen- 
erated and projective as a right A-module. Let B — End~^(M). Suppose that: 

(a) (t is a flat left A-module; 

(b) M is a projective k-module; 

(c) the map 

is a split epimorphism of left €-comodules. 
Then M is a principal comodule. 

Proof. A projective module is fiat, hence assumption (b) in Corollary 2.2 implies 

assumption (b) in Theorem 2.1. Since M is a fc-relatively projective left B module and 
M is a projective /c-module, M is a projective i?-module, hence a principal comodule 
as required. □ 

Remark 2.3. (1) Note that the assumption that C is a flat left A-module in Theo- 
rem 2.1 is made to ensure that Ai'^ is an Abelian category (so that every bijection in 
A^*^ is an isomorphism). Without this assumption the arguments of the proof of The- 
orem 2.1 imply that hence also cauM, is a /c-linear isomorphism. Thus, skipping 
assumption (a), one can prove that M is a Galois module in a weaker sense considered 
in special cases by some authors (cf. [3], [27]). 

(2) In the case of an A-coring C with a grouplike element g and the right C-comodule 
M ^ A, the dual M* = A and 

Hom^"(A, A(g)/1) = ''°'^{A(^A)g := {^0^06, G A(^A \ ^gai®bi = ^aig(^bi}. 

i it 

Hence the map in Theorem 2.1 (a) comes out as 

B0A '^^{A(^A)g, b^a b^a. 
Thus the condition (a) means in this case that 

B^A = ai^bi e A® A \ ^ gai^bi = ^ aig^bi}, 

i i i 

and appears in this form in [3] and [27] . 

3. Weak entwining structures and weak Hope algebras 

3.1. Weak entwining structures and weak coalgebra Galois extensions. Mo- 
tivated by a connection between entwining structures and Doi-Koppinen modules ([6], 
see also [16] and [12, Chapter 5] for reviews), weak entwining structures were intro- 
duced in [13] as a structure behind a weak Doi-Koppinen datum defined in [2]. A 
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right-right weak entwining structure is a triple {A,C,iIjr), where A is a fc-algebra, 
C is a A:-coalgebra, and ippt '■ C^A^A^C is a A;-hnear map, which, writing 
ipR{c^a) = ^cjOa^c", ipR{c<S)a) = ^^a/3®c'^, etc., satisfies the following relations: 

(3.1) ^{ab)a ® c'^ = ^ a^bf) (g) c'*^, 

(3.2) ^ae.£c(c") = J]^C7(c")laa, 

a a 

(3.3) XI ® = XI ® C(i)'^ ^ C(2)", 

(3.4) X la ® = X^c(C(l)")la ® C(2). 

a a 

An example of a right-right weak entwining structure is provided by a right-right 
entwining structure {A, C, iPr). Recall from [11] that this is defined by requiring that 
equations (3.1) and (3.3) are satisfied, while equations (3.2) and (3.4) are replaced by 

X «a£c(c°) = £c{c)a, Ic, (g) C° = 1 (g) c. 

a a 

Similarly a left-left weak entwining structure over A; is a triple {A, C, ipi,) consisting 
of an algebra A, a coalgebra C, and a /c-hnear map ipL : A<Si C ^ C <Si A such that, 
writing ■0l(o <^c) — ce <S) a^, ■0l(q^ <^c) — cp ® etc., the following relations 

(3.5) X^-E® (a&)^ = X^^^®^^^^' 

E E,F 

(3.6) J2 ^c{cE)a'' = J2 «^c(ce)1^, 

E E 

(3.7) X ^c{ce) = X ^(1)-^ ® ^{2)P ® (^^^^ 

E E,F 

(3.8) X ® = I] ^(1) ® ^C7(c(2)£;) 1^ 



are satisfied. 

Throughout this paper the repeated lower case Greek indices in a down-up Einstein 
convention, such as aa(g)c", always denote the action of a right-right weak entwin- 
ing structure. Similarly, the repeated upper-case Latin indices E as in CE®a^ 
denote the action of a left-left weak entwining structure. 

Let {A, C, ipR) be a right-right weak entwining structure. A A:-module M together 
with a right A-action and a right C-coaction is called a weak entwined module over 
{A,C,ijR) if 

(3.9) Q^{ma) = ^ "^[o]«a ® 

a 

for all m G M and a E A. The category of weak entwined modules and A-lincar 
C-colinear maps is denoted be }A{'iPr)^. Similarly, given a left-left weak entwining 
structure {A, C, V'l), a /c-module M together with a left ^-action and a left C-coaction 
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is called a weak entwined module over {A, C, i^l) if 
(3.10) ^g{am) = ^ m[_i]E <8) a^mio] 

E 

for all m e M and a & A. The category of weak entwined modules over [A, C, ■j/'l) 
and A-linear C-colinear maps is denoted by ']^M.{'ijj l) . 

The most natural point of view on weak entwining structures and associated mod- 
ules is provided by corings and their comodules^. As shown in [7], to any right-right 
weak entwining structure (^4, C, V'r) one can associate an 74-coring € such that the 
category of right CC-comodules is isomorphic to the category of weak entwined modules 
over (^4, C, . As understanding of this fact is crucial to what follows, we quote it 
in full. 

Proposition 3.1. Let {A,C,ipii) be a right-right weak entwining structure. Let 
Pr: A(S>C ^ A(S>C, = (// (g) C) o (A (g) V'a) o (A C O 1), 

and 

€ ^ Im PR ^ ajla I ^Qi^CiE A^C} 

i,a i 

Then pr is a projection, i.e., Propr — pr, and 

(1) € is an {A, A)-himodule with the left action a'{^^ a'la c") = a'ala <S> c"^ 
and the right action {^^a'la c")a = Xla /? ® 

(2) € is an A-coring with coproduct = {A® Ac)\ic and counit = {A®sc)\ic. 
Explicitly, for all a & A, c G C, 

A<rQ2 ala ® C") = ^ ala ® c"(i)(8)a1®c"(2) = ala C(i)"(g)Al/3®C(2)^. 
a a a,/3 

(3) M{iljR)^ = M^ 

In a similar way, to a left-left weak entwining structure {A,C,iPl), one can associate 
a projection 

PL : C A ^ C (S) A, PL ^ {C (S) n) o {ijjL <S> A) o {1 (S) C (S) A), 
and an 74-coring 

J) = Im PL = ® l^a* I ^ (g) a* e C (g) A}. 

i,E i 

In this case D is an (^4, 74)-bimodule with the left multiplication a(^g CE(g)l^a') = 
X^E F cef®o,^^^o! and the right multiplication C£;(g)l^a')a = YIie CE'S'l^a'a. The 
coproduct and the counit of D are obtained by restricting of Ac<SiA and £c®^, 
respectively, to Im p^. 

The following example, taken from [7], recalls the definition of the main object of 
studies of the present paper. 



Note that weak entwining structures we discuss in this paper are self-dual entwining structures 
in terminology of [12]. More general weak entwining structures discussed in [12] are best described 
in terms of weak corings [31]. 
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Example 3.2. Let C be a coalgebra, A an algebra and a right C-comodule with the 
coaction g^. Let 

B = A^^ = {6 e A| Va e A, g^{ba) = 6/(a)}, 

and let 

can: A(S>B A^ A(^C, a®B a' ^ aQ^{a') 

View A®B A SiS a left A-module via //. ®s A and a right C-comodule via A®b Q^- 
View A®C as a left A-module via ji® C and as a right C-comodule via A ® Ac- 

Now suppose the can is a split monomorphism in the category of left A-modules 
and right C-comodules, i.e., there exists a left A-modulc, right C-comodule map 
a : A(S)C A(S)bA such that crocan = A^bA. Let t : C ^ A^b A, c ^ cr(l(g)c). 
Define 

V'r : C (g) ^ ^ A (g) C, = can o {A <^b A*) o (r (8) A) 

Then (A, C, ^/j^) is a weak entwining structure. The extension of algebras B C A is 
called a (right) weak coalgebra- Galois C-extension and {A^C^ip'^ is called a canon- 
ical right-right weak entwining structure associated to the weak coalgebra-Galois C- 
extension B G A. 

By Proposition 3.1, any weak coalgebra-Galois C-extension B G A induces a coring 
C = ImpR associated to the canonical weak entwining structure (A,C, ■i/'^). As ob- 
served in [7], the coring £ is a Galois coring, i.e., A is a Galois comodule. Conversely, 
suppose {A,C,iPr) is a right-right entwining structure, and € — Imp^ is the corre- 
sponding coring. Suppose further that A is a right Galois C-comodule, and let B be 
the subalgcbra of coinvariants. If A is a Galois right comodule, then B C A is a weak 
coalgebra-Galois C-extension and, necessarily, (^4, C, ipu) is the canonical right-right 
entwining structure associated to this extension. This follows immediately from the 
commutative diagram of right 74-module left C-comodule maps 

A(^bA — — ^A^C 

PR 

can^ 

^ A^bA ^ £ ^ 





where can^ is the canonical map as in equation (2.1). 

Thus there are two equivalent points of view on weak coalgebra-Galois extensions: 
the entwining-free definition of Example 3.2 or the definition within a weak entwining 
structure (or, more precisely, the associated coring). We will make substantial use of 
this latter point of view. 



3.2. Weak Hopf algebrcis and weeik Hopf-Galois extensions. The notion of 

a weak bialgebra was introduced in [5] and [25]. The paper [4] contains a detailed 
account of the theory of weak bialgebras and weak Hopf algebras and is a gold mine of 
useful formulae and properties of weak bialgebras. A concise review of these properties 
(for infinite weak bialgebras over a commutative ring) can be found in [12, Section 36]. 
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A weak fc-bialgebra if is a fc-module with a fc-algebra structure (//, 1) and a k- 
coalgebra structure (A, e) such that A is a multiphcative map and 

(3.11) A2(1) = J2 1(1) ® 1(2)1(1') ® 1(2') = 1(1) ® 1(1')1(2) ^ 1(2') 

(3.12) e{hkl) = J2<hk(^iMk(2)l) = Y,<^h^Mhi)^) 

for all h,k,l G H. Here A(l) = ^ l(i)®l(2) = ^ l(i') ® 1(2')- An important role in 
the studies of the structure of weak bialgebras is played by the projections 11^, 11^, 

^ 

n and n , given by 

n\h) = ^5(l(i)/^)l(2), T[\h) = ^5(l(2)/l)l(l), 

ii^{h) = J2<h^2))Mi), n^(/^) = J]£(W(i))i(2). 

Every weak bialgebra can be seen to be a bialgebroid; the above projections are used in 
the construction of a base algebra for this bialgebroid. Furthermore, they are needed 
for the definition of an antipode. 

A weak Hopf algebra is a weak A;-bialgebra with a /c-hnear map S : H ^ H, called 
the antipode, such that, for all h & H, 

J2 hmSM = n^h), Yl ^(^i))/^(2)^(/i(3)) = s{h), Y ^( V))^(2) = n^(^)- 

The antipode S is an anti-algebra and anti-coalgebra map. Furthermore, 

(3.13) n^ = n^o5, u^ = Ti^oS, 

and 

(3.14) 5on^ = n^o5, s ou^ = u^ o s. 

Given a weak bialgebra H, a right H-comodule algebra is defined in [2, Definition 2.1] 
as a /c-algebra A with a right H coaction g : A A®H, such that for all a, 6 G A, 

(3.15) Q{ab) = g{a)g{b), 
and 

(3.16) Y «[oi ® n^(«[i]) = Yl i[oi" ® iw- 

As shown in [2, Definition 2.1] and [13, Proposition 4.10], given the multiplicativity 
of g (3.15), the condition (3.16) is equivalent to each one of the following statements 
(which we list here for futm^c reference): 

(3.17) g\l) = YMo]®MiM®M'2)^ 

(3.18) ^2(1) = J]l[o]«)l(i)l[i](8)l(2), 

(3.19) Y "[0] ® n^(«[i]) = Y "i[oi ® IW' 

(3.20) J]l[o]®nV[i]) = ^(l), 

(3.21) ^l[o]®n^(l[i]) = ^(l). 

Dually, a right H -module coalgebra is defined as a coalgebra C and a right if-module 
such that, for all h,k e H and c e C, 

(3.22) Ac{ch) = J^C(i)/i(i)(8)C(2)/i(2), 
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and 

(3.23) ec(chk) = ^£c(c/i(2))£(/i(i)/c). 

Note that condition (3.22) expresses the comultiphcativity of the action, and hence 
it is dual to condition (3.15). The condition (3.23) is dual to (3.17). As is the case 
for comodule algebras, various equivalent formulations of condition (3.23) are possible 
(cf. [13, Proposition 4.11] for details). 

Left iJ-comodule algebras and left if-module coalgebras can be defined in a similar 
way. 

Comodule algebras and module coalgebras of weak bialgcbras provide one with 
examples of weak entwining structures. More precisely, given a right i7-comodule 
algebra A and a right if-module coalgebra C, one defines a /c-linear map 

(3.24) jpR : C<^A A<S)C, c®a ^ ^a[o]®ca[i]. 

The triple (A, C, ipR) is a right-right weak entwining structure (cf. [13, Theorem 4.14]). 
Similarly, given a left i^-comodule algebra A and a left i^-module coalgebra C, the 
A;-linear map 

(3.25) il^L '■ A®C — >• C®A, a®c i— >• a[_i]C(8)a[o], 

is a left-left weak entwining map. 

In particular, if i7 is a weak bialgebra, then H itself is a right //-module coalgebra 
with the action given by the product. Hence, for any right if -comodule algebra A, 
the map 

(3.26) il)R-H®A^A(^H, h^a ^ a[o](8)/ia[i] 

is a right-right weak entwining map. Therefore, there is a corresponding projection 

(3.27) pr:A®H^A®H, a O /i i-^ ^ al[o] (g) /il[i], 

and the A-coring € = Im as in Proposition 3.1. Explicitly, the structure maps for 
^ come out as 

&'(al[o] ®hl[i])h = ^ h'ahyQ] ® hhyi], 

^<bC^ 1[0] ® ^l[l]) = ^{\o\ ® ^{l)l[l]) ®A (1 ® h(2)), 

£(e(5^ 1[o] ® W[i]) = J] l[o]^(^l[i])- 
The category of right ^-comodules is isomorphic to the category of weak relative Hopf 
modules. In particular, A is such a module, hence g — q{1) — ^ l[o](8)l[i] is a grouplike 
element in <E. Let B = A'^"^ = A™*^. Following [14], the extension of algebras B ^ A 
is called a weak Hopf-Galois H -extension if A is a Galois comodule, i.e., S is a Galois 
coring, or, cquivalcntly, the map 

can^ : A®B A ^ can^(a ®b b) = a(^ l[o] <H) l[i])b = ^ a6[o] ® 

is an isomorphism of ^-corings. A weak Hopf algebra ii is a weak Hopf-Galois exten- 
sion of its (right) coinvariant subalgebra H'^°^ = Im H (cf. [14, Proposition 2.7]). 

Obviously, a weak Hopf-Galois extension is a weak coalgebra-Galois extension. In 
fact, the above example of a weak Hopf algebra as a weak Hopf-Galois extension is 
a special case of the general construction of extensions over comodule subalgebras. 
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This construction follows a similar pattern as in the case of Hopf algebras (cf. [12, 
34.2]) and is described in the following 

Example 3.3. Let H he a fc-flat weak Hopf algebra, and let A be a left comodule 
subalgebra of H, i.e., a (unital) subalgebra such that A{A) C H®A. Let A^ = 

Imn nA. Then J = A^H is a coideal in H, since, for all a e A^ and h e H, 
A{ah) = y^a(i)/t(i)(8)a(2)/t(2) 

= a(i)/i(i)<8)(a(2) - n^(a(2)))/i(2) + a(i)/i(i)(8)n^(a(2))/i(2) 

= ^ a(i)/i(i)(g)(a(2) - n^(a(2)))/i(2) + ^ al{i)/i{i)®l(2)/?'(2) 

= ^ a(i)^(i)<8)(a(2) - n^(a(2)))/i(2) + ^ ah{i)®h{2) G J © J(8)i7, 

where the third equality follows by (3.19) (remember that i7 is a right if-comodulc 
algebra) and the final inclusion is inferred from the assumption A(a) e H^A and 



from the fact that H is a projection. Furthermore, 

e{ah) = ^£(al(i))£(l(2)/i) = e{Tf{a)h) = 0. 

Thus C = H/ J is a coalgebra with the coproduct and counit induced by the canonical 
projection n : H C, — (tt^tt) o A, Scon = e. Obviously, C is a right if-module 
with the multiplication, for all /i G and c e C, 

ch — n{hh), /i e 7r~^(c). 

In fact, C is a right i7-module coalgebra, as tt is a coalgebra map and A is comulti- 
plicative, hence, for all h e H, c e C and h e 7r~^(c), 

Ac{ch) = 5Z7r(/i(i)/i(i))(8)7r(/i(2)/i(2)) = J^7r(/i(i))/i(i)(8)7r(/i(2))/i(2) 

= ^7^Ch){l)h{-^)®^Ch)(2)h(2) = 5^C(l)/i(l)®C(2)/''(2)- 

This calculation has exactly the same form as a corresponding calculation for Hopf 
algebras. A slightly different computation that makes use of (3.12) and the counitality 
of TT, proves the condition (3.23). Exphcitly, 

ec{chk) — ec{7i{hhk)) = e{hhk) = ''^e(hh(2))£{h(i)k) 

= ^ec{'K{hh{2)))£{h{i)k) = ^ £c(c/i(2))£(/i(i)A;). 

Thus {H,C,'ijjR), where 

(3.28) ijjR : C®H H®C, c0h ^ ^ /i(i)(8)7r(/i/i(2)), h E 7r~^(c), 

is a right-right weak entwining structure. Furthermore, H is an entwined module over 
{H, C, t/jR) with the coaction 

: H ^ H®C, /i(i)®7r(/i(2)). 

Note also that A <Z B = H"""^ , as, for all a e ^, 

^^('^) = Xla(i)(8)7r(a(2)) 

a(i)<8)7r(a(2) - n (a(2))) + 2^ a(i)(8)7r(n (a(2))) = > ^ al(i)(8)7r(l(2)). 
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where the final equahty follows form the facts that A(a) £ H(S>A, the definition of tt 
and by (3.19). Now define the map 

a : if(g)C H®bH, h®c ^ hShs^i)®Bh{2), h e 7r~^(c). 

The map a is well defined, since, if c = 0, then h — J2i with a* e A^, hence 

^/i5'(a*/i*)(i)(g)B(a*/i*)(2) = hSh\i)Sa\i)®Ba\2)h\2) 

i i 

= ^hSh\i)Sa\i)a\2)®BK\2) 

i 

= Y,hSh\^^U.''{a')®Bh\2) 

i 

= J2hSh\i)STl''{a')^Bh\2) = 0. 

i 

The first equality follows by the fact that S is an anti-algebra map, the second one is 
a consequence of A(a) e H<SiA C H®B, then the definition of a counit is used, and 
finally a relationship between barred and unbarred right projection (cf. [12, 36.11] or 
equation (4.1) below) yields the penultimate equality. The map cr is clearly a left 
if-module, right C-comodule map. Furthermore, for all h,h ^ H, 

a ocEn{h(S>Bh) — /i/i(i)5'/i(2)<8)b/i(3) = ^ /in^(/i(i))<8)s^(2) 

= ^ /i£(l(l)/i(l))l(2)®B/i(2) = he{l^i)hi^i))0B^{2)h[2) 

= h®h, 

where the penultimate equality follows by the fact that A is assumed to be a unital 
comodule subalgebra of if , so A(l) G H®A C H®B. 

In this way we have proven that every comodule subalgebra of a weak Hopf algebra 
H yields a weak coalgebra-Galois extension B C H. Note that the canonical entwining 
map computed directly from the retraction a above (cf. Example 3.2) comes out as, 
for all ceC, h e H and h e 7r"^(c), 

Vnic^h) = can(^5'/i(i)(8)B/i(2)/i) = ^5'/i(i)/i(2)/i(i)<8)7r(/i(3)/i(2)) 

= ^ n^(/i(l))/l(l)®7r(/i(2)/l(2)) = ^ l(l)/i(l)<8)7r(/ll(2)/i(2)) 

= J^/i(i)®7r(^/i(2)), 

where the penultimate equality follows by the left comodule version of (3.16) {H is 
a left iJ-comodule algebra). Thus the canonical entwining ip^^ coincides with the 
entwining in (3.28), as expected. 

4. A QUEST FOR AN INVERTIBLE WEAK ENTWINING STRUCTURE 

Recent generalisations of the Schneider Theorem I (cf. [28]) and the Kreimer- 
Takeuchi theorem (cf. [23]) to general coalgebra-Galois extensions and coring-Galois 
extensions use bijectivity of the canonical entwining structure (cf. [8], [27]) or an en- 
twining structure over a non-commutative ring (cf. [3]). As the aim of the present 
paper is to extend these results to weak coalgebra-Galois extensions, we need to find 
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a proper definition of an invertible weak entwining structure. If we make the obvious 
choice, however, then our quest suffers immediate setback because of the following 

Lemma 4.1. // (A, C, ■j/'i?) is a right-right weak entwining structure such that ipR is 

a bijective map, then {A, C, ipR) is an entwining structure. 

Proof. For the /c-linear inverse of ipR, write = X^^cb (g) a^, so that, for all 

a E A and c G C, 

c ^ a = E®o,a^ , a®c = a^a®CE°'. 
a,E a,E 

Applying ip]^^ to relation (3.1) we obtain, for all a, a G A and c e C, 

cef ®a^a^ = ^ ce ® {aa}^ . 

E,F E 

With these at hand, take any a E A and c G C, and compute 
^al„®c" = ^^RO^-i(al„®c") 

a a 

= ^Pr{c"ef «) a^la^) = ^Ri^F ® a-^) = a c. 

a,E,F F 

Now taking a = 1, we deduce that J2a la ® c"^ = 1 <8) c. This equality, together with 
the relation (3.2) imply 

^aa£c(c°) = Y la£c(c")a = ec(c)a, 

a a 

i.e., {A.C.iPr) is a right-right entwining structure as claimed. □ 

Lemma 4.1 means that, if one wants to deal with weak entwining structures, one 
cannot assume that the entwining map be bijective. Instead we propose 

Definition 4.2. An invertible weak entwining structure is a quadruple (^4, C, ipR, iPl) 
such that 

(a) {A, C, i/jr) is a right-right weak entwining structure and {A, C, ipL) is a left-left 
weak entwining structure; 

(b) ^ro^l= pr and ipLOipR^ Pl; 

(c) for all c e C, 

E a 

The introduction of a bijective entwining map in all generalisations of Schneider's 
and the Kreimer-Takeuchi theorems, replaces the original assumption that a Hopf alge- 
bra has a bijective antipode. Indeed, the entwining map associated to a Doi-Koppinen 
datum {A, C, H) is bijective provided H has a bijective antipode. The notion of an 
invertible weak entwining structure introduced in Definition 4.2 is motivated by the 
following observation. 

Proposition 4.3. Let H be a weak Hopf algebra with a bijective antipode, A a right 
H-comodule algebra and C a right H-module coalgebra. Then {A,C,ipR,ipi,) with ipR 
given by equation (3.24) 

ipL '■ A<^C — > C<^A, a (8) c I— > cS''^a[i] a[o] , 
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is an invertible weak entwining structure. 

Proof. First we need to prove that (^4, C, V'l) is a left-left weak entwining structure. 
Suffices it to check that there exists a weak bialgebra H such that A is a left H- 
comodule algebra, C is a left /f- module coalgebra and the map ipi has the form given 
in equation (3.25). Take H = H"^, the opposite algebra to H. When viewed as an 
element of H, an element /i of if is denoted by h. The right i?-multiphcation on C, 
makes C a left ^-module by the formula 

he = ch. 

Since the right action of if on C is comultiplicative, so is the derived left /f-action. 
Furthermore, condition (3.23) implies for all h,k & H and c G C, 

ec{khc) = ec{chk) = ^ec{ch(2))e{h(^i)k) = ^e{kh^i))ec{h[2)c), 

(note the use of equation (3.23)). This is one of the equivalent conditions for C to be 
a left ^-module coalgebra. Consider a /c-linear map 

\:A^H®A., a I— >• ^ S'~"^a[i](8)a[o]. 

Since the antipode is an anti-coalgebra map, so is , hence A is a left ^-coaction. 
Furthermore, q is a, multiplicative map, while is an anti-algebra map, thus A : 
A H®A is a multiplicative map. Finally, we can use equations (3.14) and (3.21) 
to compute 

^n^(5-4[i])®i[o] = 5]5-^n^(i[i])®i[o] = ^5-^i[i]®i[o]. 

This is the left-handed version of condition (3.21). Thus we conclude that A is a left 
^-comodule algebra, C is a left ff-module coalgebra and ipL has the form (3.25) with 
the coaction A. Hence (^4, C, ■i/^z,) is a left-left weak entwining structure. 

Next we prove that the conditions (b) in Definition 4.2 are satisfied. The projections 
corresponding to weak entwining maps and ■0L come out as 

PR{a ®c) = ^al[o] ® cl[i], pL{c®a) = ^cS~^l[i] ® l[o]a. 

Take any a & A and c e C and compute 

ipLoipR{c®a) = V^ilX^ap] ® ca[i]) = ^ca[i](2)5'~^a[i](i) ® a[o] 

= c5'"^(a[i](i)5'a[i](2)) O = ^ cS'^U^ia^i]) O a[o] 
= c6'~^l[i] (8) l[o]a = pl{c <S> a). 

The third equahty follows from the fact that the antipode (and hence also its inverse) 
is an anti-algebra map, the fourth one is the defining property of the antipode in 
a weak Hopf algebra. The fifth equality follows from the definition of a right H- 
comodule algebra, equation (3.16). Next use the first of equations (3.14) and the first 
of equations (3.13) to note that, for all h e H, 

(4.1) 5-in«(/i) = n^(5-i/i) = ^£(/ii(i))i(2) =n''(/i). 



THE STRUCTURE OF WEAK COALGEBRA-GALOIS EXTENSIONS 



15 



Use this to compute 

ipROijjL{a<^c) = ipR(^cS'''^aii]<^aio]) ^^aio]<^cS'^{am(^2))a[i](i) 

= ^a[o] <S) cS~\{Sa[i](i))aii](2)) = a^o] cS'^Il^{a[i]) 

= XI «[o] <S) cn^(a[i]) = ^ al[o] (g) cl[i] = pR{a (g) c). 

Again the third cquahty follows from the fact that the antipode (and hence also its 
inverse) is an anti-algebra map and the fourth one is the defining property of the 
antipode in a weak Hopf algebra. The fifth equality follows from property (4.1), while 
the sixth one is the consequence of the fact that ^4 is a right if-comodule algebra, 
hence equation (3.19) holds. 

Finally we need to check that the maps ipL and ipR satisfy property (c) in Defini- 
tion 4.2, i.e., that, for all c e C, ^ l[o]£c(cl[i]) = ^Sc{cS~^l[ij)l[oj. Compute 

J2^C{CS-%])1[0] = X£c(cl(2))£(l(l)'5-^l[l])l[0] 
= X£c(cl(2)£(l(l)'5-H[i]))l[o] 

= X£c(cn^(l[l]))l[0] = X£c(cl[l])l[0]. 

The first equality follows from the compatibility between the counit and the action 
of /J on a right module coalgebra C, equation (3.23). The third equality is simply 
the definition of 11^, while the fourth equality follows from property (4.1). Finally, 
the last equality is obtained by the use of equation (3.20). Thus we conclude that 
{A, C, ipR, i^l) is an invertible weak entwining structure as claimed. □ 

In particular we obtain 

Corollary 4.4. Let H be a weak Hopf algebra with a bijective antipode and let A be a 
right H -comodule algebra. Then {A, H,ipR,ipL) with ipR given by equation (3.26) and 

(4.2) '^^L'- A®C ^ C®A, a (8) /i X /i^'^aji] ® a[o], 

is an invertible weak entwining structure. 

Proof. This follows immediately from the fact that H itself is a right if-module 
coalgebra with the action given by the product, and from Proposition 4.3. □ 

As an immediate consequence of Definition 4.2 one obtains the following 

Lemma 4.5. Let {A,C,ipR,ipL) be an invertible weak entwining structure. Then: 

(1) tljjiopL = ijR, 

(2) 1pLOPR = i^L- 

Proof. (1) Note that ijjR{C0A) C Im pr. Since pr is a projection, pr o ip^ = 
and the condition (a) in Definition 4.2 implies 

i'ROPL = 'ipRO'ipLO'ipR= PRO'ipR = IpR- 

Statement (2) is proven in a similar way. □ 

As is often the case with (weak) entwining structures, the notion of an invertible 
weak entwining structure has the clearest meaning in terms of corings. 
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Proposition 4.6. Let {A,C,ipR,ipL) be an invertible weak entwining structure and 
let (t = Im pji and D = Im pl be the corresponding A-corings. Then the restrictions 
of the entwining maps 

are inverse isomorphisms of A-corings. 

Proof. Since pr and pl are projections, tlie conditions (b) in Definition 4.2 imply 
that restrictions of ipR and ipL to Im pi and Im p^ respectively, are inverse isomor- 
phisms of /c-modules. Furthermore, for all a G A and c G C, 

ipRC^a{cE®l^)) ^ipRi^CEF^a^l^) ^tpRC^CE®a^) ^PR{a®c) = ^ala(8)c", 

E E,F E a 

where the second equality follows from (3.5) and the penultimate equality follows from 
the property (b) in Definition 4.2. On the other hand 

aipRiY^ ce (8) 1^) = aipR{ipL{i c)) = apR{l ® c) = ^ al^ ® c", 

E a 

where again the second equality follows from the property (b) in Definition 4.2. Thus 
ijjR is a left ^-module map. Moreover, Lemma 4.5 implies 

'4'r(^ Ce <8) l^a) ^ipRO pL{c®a) = Vii(c (8) a) = ^ <8) c". 

E a 

On the other hand 

E a a,/3 a 

where the last equality follows from equation (3.1). Hence ipR is an (A, A)-bimodule 
map. Similarly it can be shown that ■0/, is an (A, A)-bimodule map. Thus ipR is an 
(^4, A)-bimodule isomorphism with the inverse i/jl- 

Next we show that the map ipR is counital. Take any c G C and a E A and compute 

E a a 

= J2^c{cE)l^a^e^{J2cE^l^a). 

E E 

To derive the first equality we have used Lemma 4.5(1) and then the definition of the 
counit in C The second equality follows from equation (3.2), while the third one is 
the consequence of propety (c) in Definition 4.2. The final equality follows from the 
definition of the counit in D. Thus ipR is a counital map. Similarly one shows that 
■0L is a counital map. 

Finally we need to prove that ipR and ipi sue comultiplicative maps. Take any 
a E A and c & C, and use Lemma 4.5(1) and the definition of the coproduct in C to 
compute 

A<t O iljR{J2 ® l^a) = ^€{J2 ® C") = ^ ® C"(i) ® C"(2). 
E a a 
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On the other hand, 

(ipR <S)A i>R) o ^©(^ ce <S) l^a) = ^ iPr{ce{i) <S) 1) <S)a iPr{ce{2) <S> l^a) 

E E 
E,F 

= XI '0r(c(i)e ® 1^) ®A tpR{c{2) <8) a) 

E 

= lattp^ (g) C(i)"'^®a1 ® C(2)^ 

a a 

The first equahty is the definition of the coproduct in 2), the second follows from 
the definition of a left-left entwining structure, more precisely, equation (3.7). Next 
we use the definition of the left ^-multiplication in D and the fact that ipR is an 
{A, A)-bimodule map. The property (b) in Definition 4.2 implies the fourth equality. 
Then we use the definition of right 74-multiphcation in The final two equahties 
follow from the properties of a right-right entwining structure, equations (3.1) and 
(3.3). Similarly one proves that ipL is comultiplicative and thus completes the proof 
of the proposition. □ 

In the case of entwining structures, the inverse tjj"^ of a right-right entwining map 
■0 is a left-left entwining map. Furthermore, if A is a right entwined module over 
{A, C, ■0), then it is a left entwined module over (A, C, ■0"''^) (cf. [6, Section 6]). Simi- 
larly, for an invertible weak entwining structure one proves 

Corollary 4.7. Let {A,C,ipji,ipL) be an invertible weak entwining structure. If A & 
A4('0r)5; then A e a-^{'4^l) with the coaction 

^^(a) = '0l(X1"^[o1 ® ^w)- 

Proof. If A G Ai{ipR)'^, then A is a right C-comodule. The corresponding grouplike 
element is g = ^»^(1) = X] l[o] ® l[i]- But then A is also a left C-comodule with the 
coaction a i— > ag^A^- By Proposition 4.6, the map t/)/^ : £ — > S) is an isomorphism of 
A-corings, hence the left C-coaction of A induces a left D-coaction on A, 

^^(a) = il^Liag) 1 ^ '^dag). 

Thus A e ^•^(V'-l) with coaction '^g{a) — ■0^(5^ alp] <8) l[i]), as stated. □ 

5. Weak coalgebra Galois extensions with coseparable coalgebras 

Once we have understood how to define an invertible weak entwining structure we 
can proceed to apply Theorem 2.1 to deduce a criterion for an algebra to be a weak 
coalgebra- Galois extension. This is a subject of the present and following sections. 

First recall that a coalgebra C is called a coseparable coalgebra provided the co- 
product has a retraction in the category of C-bicomodules. Equivalently, C is a 
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coseparable coalgebra if there exists a cointegral, i.e., a A;-module map 5 : C®C — > k 
that is colinear, meaning, for all c, c' G C, 

(5.1) ^ C(i)(5(c(2)(8)c') = ^ (5(c(8)c'(i))c'(2), 

and such that 5 o = ec- Over an algebraically closed field the notion of cosepara- 
bility is equivalent to the notion of cosimplicity. 

Theorem 5.1. Let {A,C,ipR,ipL) be an invertible weak entwining structure with a 
k-projective algebra A and k-projective coalgebra C. Denote by pr the projection 
corresponding to {A, C, ipji) and by C = Im p^ the corresponding A-coring. Suppose 
that 

(1) A is a right weak entwined module with product ji and coaction q^; 

(2) the map can^ : A® A — > (L, a®a' — > aQ^{a') is surjective; 

(3) C is a coseparable coalgebra. 

Then A is a weak C-Galois extension of the coinvariants B and is C - equivariantly pro- 
jective as a left B-module (i.e., A is a projective left B module and the multiplication 
map B®A A has a left B -linear, right C -colinear section). 

The strategy of the proof of Theorem 5.1 is to show that it is a special case of 
Theorem 2.1. As the first step we need to show that there is a left C-comodule map 
€ A^A that splits the canonical map cSjia '■ A^A €. By Corollary 4.7, given 
an invertible weak entwining structure such that A is a right weak entwined module, 
A is a left weak entwined module. In the case of invertible entwining structures, there 
is a bijective correspondence between left C-colinear maps C = A (8) C — > AiSiA with 
left C-colinear maps C — > A<^A. A similar statement can be proven for invertible 
weak entwining structures. 

Lemma 5.2. Given an invertible weak entwining structure {A,C,ipR,ijjL) with A £ 
A4{iPr)'^, view A<S)A as a left €. — (Im puj-comodule with the coaction 

^^^g : A<^A €<^A, a®a' ^ ^ al[o](8)l[i](8)a'. 

Then there is the bijective correspondence between left C-colinear maps / : £ — > A® A 
and k-linear maps f : C ^ A® A such that 

(5.2) {""q^A) o / = (pi®A) o (C(8)/) o Ac, 
where : A^ C®A is a left C-coaction as in Corollary J^.l. 

Proof. For all c E C, write /(c) = ^c^^^(8)c^^^ and apply to equation (5.2) 

to obtain 

(5.3) = Xl^«°^^(^W®^(2)^'^)®^(2)^'^■ 
Since, for all a G A,^ al[o]®l[i] G Im pn, the definition of an invertible weak entwin- 
ing structure, Definition 4.2(b), implies that V'-R ° V'i'(^ '3'l[o]®l[i]) = '^ol[o]®^li]- 
Applying Lemma 4.5 to the right hand side of (5.3), one obtains that the equation 
(5.2) is equivalent to 

(5.4) ^c<i>l[o](8)l[i](8)c<2) = ^Vii(c(i)0C(2)<'>)(»C(2)<'\ 
i.e., 

(5.5) C^^^lpi^llll^Al^C^^^ = J2'^10C^1))0AC(2)^^^0C^2)^^1 
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Take a /c-linear map f : C ^ A^A that satisfies condition (5.2) and define a left 
A-module map f : € ^ A^A by f{^^ ala(8)c") = Y.a ala/(c"). Note that, 

a a 

= ^al«(l«)c°(i))(8)Ac"(2)<'>«)c"(2)<'> 

a 
a 

where the second equahty follows from property (5.4). On the other hand 
(C®A/)oAe:(^al„®c") = ^ ale«®C(i)"®A/(l/3®C(2)^) 

a a,0 

= J2 «la®c"(i)®^l^c"(2)^<^>®c"(2)''<'^ 

= J]al„(8)c'^(i)®Ac"(2)^'^®c"(2)<'^. 

a 

Here we first use the definition of the coproduct in € in Proposition 3.1, then the 
definition of / in terms of the map /, next the definition of right ^-multiplication 
in C, and finally properties (3.1) and (3.3) of a right-right weak entwining structure. 
This proves that / is a left C-colinear map. 

Conversely, take a left G^-colinear map / : Im pn — > A(^A and define f : C ^ A(S>A 
by/(c) = /(Eala«)c"). Then 

5]c«1[0]®1[i]®a1®C<2^ = 5;^n(/(la®c")) 

a 

a 

= Yl la/3®C(l)'^®A/(l®C(2)") 

= ^(l®C(i)) • la®A/(l®C(2)") 
a 

= J^(1®C(i))®aC(2)<^>«)C(2)<^\ 

where the first equality follows from the definition of the left C-coaction in A in terms 
of the grouplike element El[o]0l[i]. The second equality is a consequence of the 
fact that / is a left C-colinear map, while the third one is the property (3.3) of a 
right-right entwining structure. The fourth equality follows from the definition of the 
right A-action in €, and the last one is obtained by the use of the fact that / is a left 
A-linear map and then by the definition of /. So we obtain (5.5), i.e., the condition 
(5.2) is satisfied, as required. □ 
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Before the start of the proof of Theorem 5.1 it is also useful to prove the following 

Lemma 5.3. Take an invertible weak entwining structure {A,C,ipR,ipi,) with a k- 
flat coalgebra C. Assume that A is a weak entwined module as in assumption (1) in 
Theorem 5.1 and that the canonical map can^ : A® A Im pa has a k-linear section 
T. 5etf(c) = r(Eala®c"). Then 

(5.6) {C(S)iJ,(S)C) o {^g(^g'^) o f = {C^iI^r) o (CoC®!) o Ac, 

where : A ^ C<^A is a left C-coaction as in Corollary ^.7. 

Proof. This can be shown as follows. Write f(c) = ^ c^^^(8)c^^^ Since r is a section 
of can^, 

(5.7) 5SHa o t(^ la<g)c") c^'^c<'^o]«)c<'^[i] = l"*^^"" 

a a 

Start with the identity 

^ C<1> ® C<1> [0] C<'> [0] ® C<2> [1] = ^ (c<^> 1 [0] ® 1 [1] ) 1 [0'] ( 1 [1'] ®c<2) ) 

= l[l]^;®(c<'^l[0])''l[0']C<'>a®l[l']", 

which is simply the definition of left and right C-coactions and also uses (3.1). Ap- 
plying ipR^C we obtain 

- Y C«l[o]l/3l[0']7C^'^a5^1[l]''^'®l[l']" 

= 5^C<^>l[0](l[0']C<'^a)5®l[l]'®l[l']" 

a,S 

s 

= J2 C^'^ C<'> [0]® C<2> [1] (1) ®C<'> [1] (2) 
a 

= Y la/3®C(i)^®C(2)" = Y ^i?(C(l)®la)®C(2)". 

The first and the third equality follow from the (multiple) use of property (3.1) of a 
right- right weak entwining structure and the second follows from Definition 4.2 (b). 
The fourth and fifth equalities are consequences of the fact that A is a right entwined 
module. The sixth equality follows from equation (5.7), while the penultimate equality 
follows from equation (3.3). Now we apply ipL®C and use the fact that 
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to compute 

a 
a,E 

= ^C(i)(8)£c(C(2)B)l^la<8)C(3)' 
= y^C(i)(g)la(g)C(2)°. 



The second equality follows from the definition of an invertible weak entwining struc- 
ture, Definition 4.2 (b). Then we have used property (3.8) of a left-left weak entwining 
structure, then Definition 4.2 (c) and (3.4). The last equality follows by (3.1). Thus 
we obtain (5.6) as required. □ 

We are now ready to prove Theorem 5.1. 

Proof. (Theorem 5.1) Take C = Imp^. By the /c-projectivity assumptions, A(^C is a 
projective /c-module. Since C is a direct summand in A^C, it is a projective fc-module 
too. Let r be a A;-linear splitting of cajiA '■ A^A C, and set f(c) = ^iYla ^a^c")- 
Let 5 be a cointegral of C and consider 

(5.8) k = {60A^A) o (C^'^g^A) o (Cof) o A^, 

where we view A as a left C-comodule with coaction "^g as in Corollary 4.7. Using the 
colinearity of 6, one easily checks that k is a left C-colinear map, i.e., 

(^^(g)A) o k = {C(g)k) o Ac. 

Since ^g{A) C ImpL, and pi is a projection, this implies that k satisfies the property 
(5.2) in Lemma 5.2. Thus the map 

(5.9) kQ2 ala^c") = ^ ala«;(c") 

a a 

is a left C-comodule map. Explicitly, writing f(c) = ^c^^^®c^^\ the map k comes 
out as 

(5.10) /^(5^al«®c") = 5^aU(5(c"(i)®c"(2)<^>[-i])c"(2)<^>[o]®c"(2)^'^ 

a a 

Note that 

5Si^o«;(^al„«)c«) = ^al„5(c"(i)(g)c"(2)<^>[_i])c"(2)<^>[0]c"(2)<'>[0]«)c"(2)<'^i] 

a a 

= J]al„5(c"(i)®c"(2))l^®c"(3)^ 

= ^alal^^c"/^ = ^alaOc". 

The second equality follows from equation (5.6) in Lemma 5.3, while the third one 
is a consequence of the definition of a cointegral. The final equality follows from 
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equation (3.1). Thus k is a left C-colinear splitting of cari^. So by Corollary 2.2, A is 
a principal £-comodule, hence can^ : A^b^ ^ £ is an isomorphism of A-corings and 
y4 is a projective left i?-module. In order to show that A is C-equivariantly projective 
as a left S-module we need to show that there exists a section of the left S-action 
aQ '■ B<^A A in b-M'" , where aQ is given by the multiplication /i in A, i.e., a left 
S-module, right C-comodule map a such that aQ ° = A. The projectivity of A as 
a left 5- module means that there exists a left 5-linear map a : A ^ B^A such that 
j^g o a — A. Now we can construct 

(5.11) a -.A^ B^A, a = (B^A^S) o {B®q^®C) o {a®C) o q^. 

The map cr is a composition of left S-linear maps, therefore left S-linear. We now show 
that cr is a right C-colinear section of aQ- The fact that a is right C-colinear follows 
from the colinearity of the cointegral 5, equation (5.1) (this is a standard argument for 
coseparable coalgebras). Explicitly, note that, writing d{a) = '^a^^^^a^'^^ G Bi^A, 

Q^®^ o (7(a) = ^ a[o]^^^<8)a[o]^^^[o][o]<8)a[o]^^^[o][i](^(a[o]^^V]®"[i]) 
= a[o]^^^®a[o]^^^[o]®a[o]^^^[i](i)5(a[o]^^^[i](2)®a[i]) 
= a[o]^^^®a[o]^^^[o]^(a[o]^^^[i]®a[i](i))'8)a[i](2) 
= 5Z «[o][o]^^^<^«[o][o]^^^[o](^(a[o][o]^^^[i]®a[o][i])«)a[i] 
= ((7®C)o/(a). 

We can express the fact that a is a section of aQ in the current notation as ^ a^^^a^'^^ ~ 
a. Using this property, the fact that, by the definition of the coinvariants B, the right 
C-coaction is left S-hnear, and the fact that 5 is a cointegral of C, we obtain 

Agicr{a)) = J^a[o]^^^a[o]^^^[o]5(a[o]^^^[i]®a[i]) 

= J2 («[o] ^'^«[o] )io]Si (a[o] ^'^a[o] ^'^) [i]«)a[i] ) 

= J^"loHo]^(«[o][i]®a[i]) = J^a[o]5(a[i](i)®a[i](2)) 

~ ^ a[o]£c(«[i]) = «• 

This proves that cr is a left S-module, right C-comodule section of the multiplication 
map aQ as required, and thus completes the proof of the theorem. □ 

In view of Corollary 4.4, Theorem 5.1 implies the following 

Corollary 5.4. Let H be a coseparable, k-projective weak Hopf algebra with bijective 
antipode and let A be a k-projective right H-comodule algebra. Let (t be the coring 
defined as the image of the projection pr given by (3.27). If the map 

ceaiA : A <^ A —>■ ^, a<^b ^ a6[o] (8) &[i] 

is surjective, then A is a weak Hopf-Galois H-extension of the coinvariants B and it 
is H-equivariantly projective as a left B-module. 
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6. Weak coalgebra Galois extensions with coalgebras projective as 

comodules 

The aim of this section is to prove that, within an invertible weak entwining struc- 
ture, the projectivity of C as a C-comodule coupled with the surjectivity of the canon- 
ical map leads to a weak coalgebra-Galois extension. As a corollary we obtain a weak 
Hopf algebra version of the Kreimer-Takeuchi theorem [23, Theorem 1.7] that states 
that for a right comodule algebra ^4 of a finite-dimensional Hopf algebra, the surjec- 
tivity of the canonical map implies that ^4 is a Hopf-Galois extension, and that A is 
projective over its coinvariants. 

Theorem 6.1. Let {A,C,iIjr,iIjl) be an invertible weak entwining structure and let 
C be a coring corresponding to the weak entwining {A,C,ipji) as in Proposition 3.1. 
Suppose that: 

(a) A is a right weak entwined module with coaction p^; 

(b) C is k-flat and projective as a left C-comodule; 

(c) {A®AY°^ = A®B, where B = A'^"^; 

(d) can^ : A^A C, a ® b J2 "^^[o] ® &[i] is surjective. 

Then B <Z A is a weak coalgebra-Galois extension and A is k-relatively projective as 
a left B-module. 

Proof. First, notice that from Remark 2.3 we can deduce that the assumption (c) 
above implies that Horns:- {A, A® A) = = B®A, where g = Xll[o]®l[i]- 

More precisely, 

{A^Ay"^ = {^ai^bi e A^A \ ^ai^gk = ^ai®big}, 

i i i 

hence the usual twist map acg)6 ^ b®a gives rise to an isomorphism ~ 
{A®A)"^^. Consequently, the assumption (c) is equivalent to the statement that 
"''^[A®A)g = B(E)A, i.e., as explained in Remark 2.3, the condition (b) in Theorem 2.1 
is fulfilled. Let S be a coring corresponding to {A,C,iIjl). By Proposition 4.6, the 
coring C is isomorphic to 2), hence C is a left 2)-comodule via (V^^ ®^ C) o A^. The 
correspondence between left S-comodules and left entwined modules then yields that 
C is a left entwined module, hence, in particular, a left C-comodule. For la<S>c°' e 
€, the left C-coaction comes out as 

''g{J2 la C") = J] C"(1)E 1„^ C"(2). 
a a,E 

Note that 

^C(i) la <8) C(2)° = ®^(^(2)")la® C(3) 

a a 

= C(i) (8) £(C(2)g)l^ (8) C(3) 

E 

(6.1) = ^C(i)£® 1^®C(2). 



The first equality comes from (3.4), the second is a consequence of the part (c) of 
Definition 4.2 of an invertible weak entwining structure, and the final equality is 
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can compute 

= y^C(i)g<8'l^<8)C(2)- 

The first equality follows by the properties of right-right weak entwining structures 
in particular (3.3), the second by part (b) of Definition 4.2, the third by the previous 
computation (6.1) and the final equality by (3.5). This implies that the map 

(6.2) e:C^€, c ^ X la c" 

a 

is a left C-comodule map. As caiiyi is a left C-comodule map (hence a !D-comodule 
map by Proposition 4.6), it is a left C-comodule map. Since can^ is surjective and C 
is projective as a left C-comodule, the map 

Hom^-(C, A0A) > Hom^-(C, €) 

is surjective. This implies that there exists / G Hom*"" (C,yl ® A) such that 

(6.3) can^ o f — i 

with i given by (6.2). Any left C-comodule map / : C — > A (8) A satisfies assumption 
(5.2) of Lemma 5.2, hence there is a left C-comodule map 

f:€^A^A, f{J2 «la «) c") = J] ala/(c"). 

a a 

Take any a & A and c & C and compute 

caiiA o /(^ al„ c") = can^( ala/(c")) = ^ alaCaiiA(/(c")) 

CX Oi (X 

= XaV(c") = ^al^l^® c"'' = Xala(8)c". 

a a,/3 a 

Second equality follows by left linearity of caii^, the third by (6.3), the fourth by (6.2) 
and the last by the property (3.1) of a right-right weak entwining map. This means 
that / is a left C-colinear section of caS^. With additional assumptions this means 
Theorem 2.1 can be apphed to obtain desired result. □ 

Theorem 6.1 leads to the following weak Hopf algebra version of the Kreimer- 
Takeuchi theorem [23, Theorem 1.7]. 

Corollary 6.2. Let k be a field and let H be a finite dimensional weak Hopf algebra 
over k. Let A be a right H -comodule algebra and 6 be the A-coring associated to the 



implied by (3.8). In view of this we 
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corresponding right-right weak entwining map ipR given by (3.26). If 

caS^ : A 1^ A ^ (B, a®6i— >• ab[o] ® 

is surjective, then B C A is a weak Hopf-Galois eoctension and A is projective as a 
left (and right) B-module. 

Proof. First, [4, Theorem 2.10] implies that H has a bijective antipode, hence 
by Corollary 4.4, [A^H.ijjft.ilji^ is an invertible weak entwining structure with ipR 
given by (3.26) and given by (4.2). Second, as the dual H* of a finite dimensional 
weak Hopf algebra is a weak Hopf algebra, [4, Theorem 3.11] implies that H* is 
a quasi- Probenius algebra (i.e., it is self-injective). Now combination of the Faith- 
Walker theorem [19, Theorem 24.12] that asserts that every injective module over a 
quasi- Frobenius algebra is projective and [20, Theorem 1.3] that states that a quasi- 
co-Frobenius coalgebra is projective as a comodule, implies that H is a, projective 
left (and right) i/-comodule (cf. [20, Remark 1.5]). Since /c is a field, the condition 
(c) in Theorem 6.1 is automatically satisfied. Thus Theorem 6.1 yields the required 
assertion. The right B-projectivity of A follows from the left-right symmetry (see the 
discussion at the end of this section) . □ 

Every weak Hopf algebra is a Hopf algebroid over R — ImH^ and a right H- 
comodule algebra A is also a comodule algebra over this Hopf-algebroid (cf. [12, 36.9, 
37.15] or see the original papers [18], [30], [26] and [9] for more details). A right-right 
weak entwining structure {A,H,ipji) with ipR given by (3.26) can be understood as a 
right-right entwining structure over R. With this identification, one can also deduce 
Corollary 6.2 from [3, Corollary 4.3]. 

By a theorem of Lin (cf. [24, Proposition 5]), every right co- Frobenius coalgebra is 
projective as a left comodule, hence Theorem 6.1 can be applied to co-Frobenius coal- 
gebras (or, even more generally, to quasi-co- Frobenius coalgebras of Gomez- Torrecillas 
and Nastasescu, cf. [20, Theorem 1.3]). In particular, one obtains in this way a 
weak Hopf algebra version of the Bcattic-Dascalcscu-Raianu extension of the Kreimer- 
Takeuchi theorem to co-Frobenius Hopf algebras (cf. [1, Theorem 3.1]). 

Finally let us mention that, throughout, we worked in a right-handed convention, 
taking right comodules (such as right Galois-comodules), right coalgebra extensions 
(algebras A with a right C-coaction), etc. Clearly, all the results presented here 
can also be presented in a left-handed convention. For example, assuming that the 
canonical map amM in Theorem 2.1 is a split cpimorphism in the category of right 
£-comodules, we can deduce that M* is a left Galois C-comodule. In the case of 
invertible weak entwining structures the distinction between left- and right-handed 
conventions is blurred in the sense that every right weak coalgebra-Galois extension 
(corresponding to a right-right weak entwining ipn) is a left weak coalgebra-Galois 
extension (corresponding to ipi) and vice versa. In particular this means that the 
assumption that C is projective as a left C-comodule in Theorem 6.1 can be replaced 
by the assumption that C is a projective right C-comodule. As a consequence, in this 
case, one obtains that A is a weak coalgebra-Galois extension, fc-relativcly projective 
as a right B-modulc. The same arguments together with the left-right symmetry of 
the notions of a quasi-Frobenius algebra and a quasi-co-Frobenius coalgebra imply 
that A in Corollary 6.2 is projective as a right S-module. 
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